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We develop a systematic perturbation theory for the quasiparticle properties of a single impurity
immersed in a Bose-Einstein condensate. Analytical results are derived for the impurity energy,
the effective mass, and residue to third order in the impurity-boson scattering length. The energy
is shown to depend logarithmically on the scattering length to third order, whereas the residue
and effective mass are given by analytical power series. When the boson-boson scattering length
equals the boson-impurity scattering length, the energy has the same structure as that of a weakly
interacting Bose gas, including terms of the Lee-Huang-Yang and fourth order logarithmic form. Our
results, which cannot be obtained within the canonical Fro¨hlich model of an impurity interacting
with phonons, provide valuable benchmarks for many-body theories and for experiments.
The problem of an impurity interacting with a reser-
voir with a continuous set of degrees of freedom plays
a fundamental role in our understanding of many-body
quantum systems. Landau and Pekar famously demon-
strated that electrons in a dielectric medium become
dressed by phonons forming a quasiparticle termed a
polaron [1, 2]. Other examples of mobile impurities in-
clude helium-3 mixed with helium-4 [3] and Λ particles
in nuclear matter [4]. Static impurities give rise to the
Anderson orthogonality catastrophe [5] and the Kondo
effect [6]. With the creation of two-component atomic
gases characterized by an unrivaled experimental flexi-
bility, the impurity problem can now be studied more
systematically and from a broader perspective. While
focus has mostly been on impurities in a Fermi sea (the
Fermi polaron) [7–9], there have been some experiments
on impurity atoms in a Bose gas [10–15]. With the recent
identification of Feshbach resonances in Bose-Fermi [16–
18] and Bose-Bose [19, 20] mixtures, the study of impu-
rity physics in a Bose-Einstein condensate (BEC) with a
tunable interaction is now within reach.
The impurity problem provides an ideal setting for
testing many-body theories, and it has yielded funda-
mental insights for the Fermi polaron [21]. In the case
of an impurity atom in a BEC—the Bose polaron—most
studies have either used mean-field theory to study self-
localization [22–25] and time dependence for weak cou-
pling [26], or employed an effective Fro¨hlich model which
is solved using various many-body techniques [27–32].
The Fro¨hlich model, however, ignores interaction terms
important even for weak coupling, as we shall demon-
strate. The correct microscopic Hamiltonian has been
used in a field theoretic approach, selectively summing
ladder diagrams [33], and in a variational approach [34].
Since the impurity problem is so useful as a theoretical
testing ground, it is important to have a quantitatively
reliable theory, which can serve as a benchmark for other
many-body theories and for experiments in the weak cou-
pling regime. Here, we provide such an accurate theory
by developing a systematic perturbation expansion for
the impurity self-energy to third order in the impurity-
boson scattering length a. The small parameter of this
expansion is a/ξ, with ξ being the BEC coherence length.
Also, a2/ξaB has to be small for the polaron to be well de-
fined, where aB is the boson-boson scattering length. We
derive analytical results for the zero temperature quasi-
particle properties of the polaron, showing that the en-
ergy contains a logarithmic term ln(a∗/ξ)a3/ξ3, where
a∗ ∼ max(a, aB). When a = aB, the perturbative expres-
sion for the energy has the same form as the celebrated
result for a weakly interacting Bose gas [35–39]. The
quasiparticle residue and the effective mass are, on the
other hand, given by analytic power series up to a3/ξ3.
We use a T -matrix approach, a technique which has pre-
viously been employed for the Fermi polaron to sum dia-
grams to high order with Monte Carlo methods [40–42].
Our approach uses the correct microscopic Hamiltonian
rather than the Fro¨hlich model used in Refs. [27–32], as
the latter is symmetric with respect to the sign of the
interaction and therefore only contains even powers in
perturbation theory beyond the mean-field shift. Also,
the field theory [33] and the variational approach [34]
miss terms at second order.
We consider an impurity of mass m immersed in a BEC
of particles with mass mB. The Hamiltonian is
H =
∑
k
Bka
†
kak +
1
2V
∑
k,k′,q
VB(q)a
†
k+qa
†
k′−qak′ak
+
∑
k
kc
†
kck +
1
V
∑
k,k′,q
V (q)c†k+qa
†
k′−qak′ck, (1)
where ak and ck removes a boson and an impurity,
respectively, with momentum k, Bk = k
2/2mB and
k = k
2/2m are the free dispersions, and V is the sys-
tem volume. The boson-boson VB(q) and boson-impurity
interaction V (q) are assumed to be short ranged, and
they give the usual zero energy scattering matrices TB =
4piaB/mB and Tv = 2pia/mr respectively, with mr =
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2mBm/(mB +m) the reduced mass, see the Supplemental
Material [43]. We work in units where ~ = kB = 1.
The BEC is assumed to be weakly interacting such that
it can be described by Bogoliubov theory, i.e. n0a
3
B  1
with n0 being the condensate density. We define the
imaginary time Bose Green’s functions as G11(k, τ) =
−〈Tτ{ak(τ), a†k(0)}〉, G12(k, τ) = −〈Tτ{a−k(τ), ak(0)}〉
and G21(k, τ) = −〈Tτ{a†k(τ), a†−k(0)}〉, where Tτ denotes
time ordering. The Fourier transforms are
G11(k, z) =
u2k
z − Ek −
v2k
z + Ek
, G12(k, z) =
ukvk
E2k − z2
,
with u2k = (ξk/Ek + 1)/2, v
2
k = (ξk/Ek − 1)/2, Ek =√
ξ2k − T 2Bn20, ξk = Bk +TBn0, and G21(k, z) = G12(k, z).
Here,z = i2sT is a Bose Matsubara frequency, s is an
integer, and T is the temperature,
Perturbation series.—Our aim is to develop a system-
atic perturbation theory in powers of the impurity-boson
scattering length for the quasiparticle properties of the
impurity. To this end, we write down all diagrams for
the impurity self-energy up to third order in the bare in-
teraction V (q). We then formally replace V (q) with Tv
in each diagram. Diagrams which contain the simulta-
neous forward propagation of an impurity and a boson
(the pair propagator), such as the second order diagram
in Fig. 1(a) and the three first third order diagrams in
Fig. 2(a), can be thought of as coming from the expansion
T (p) = Tv
1− TvΠ11(p) = Tv + T
2
v Π11(p) + · · · (2)
of the ladder approximation for the impurity-boson scat-
tering matrix in the BEC [44]. Here, Π11(p) denotes the
pair propagator regularized by subtracting the vacuum
scattering already contained in Tv. We use the shorthand
notation p = (p, ω) having analytically continued to real
energy z → ω + i0+. The perturbative expansion (2) is
convergent only for small TvΠ11(p), i.e. small a, whereas
the full frequency dependence of T (p) has to be retained
when a is large. This approach, which is detailed in the
Supplemental Material, yields a perturbation series in a
for the self-energy: Σ(p) = Σ1(p) + Σ2(p) + Σ3(p) + · · · ,
where Σn contains diagrams of order a
n. The first order
term is the mean-field energy shift Tvn with n being the
total boson density. We now evaluate the next two terms.
Second order.—We now evaluate the next two terms.
Second order . The six second order self-energy dia-
grams are shown in Fig. 1. Fig. 1(a) is given by n0T 2v Π11
and—together with Fig. 1(e)—comes from expanding the
T -matrix given by Eq. (2) to second order in a inside the
ladder approximation to the self-energy. The three dia-
grams in Figs. 1(b)–(d) are given by n0T 2v Π22, n0T 2v Π21,
and n0T 2v Π12, respectively, with Π21 = Π12 represent-
ing the anomalous propagators and Π22 the particle-hole
propagator [43]. Apart from ladder summations inside
(a) (b) (c) (d) (e) (f)
FIG. 1. Second order diagrams for the self-energy. The
upper solid black lines are the normal, G11, and anomalous,
G12 and G21, boson propagators. The dashed lines are par-
ticles emitted from or absorbed into the BEC, the bottom
red lines are the impurity propagators, and the external im-
purity propagators are attached to the red dots. The wavy
lines denote the impurity-boson vacuum scattering matrix Tv.
All diagrams come from ladder-type diagrams similar to those
arising in Eq. 2: The pair propagator Π11 appears in (a) and
(e), Π22 in (b), Π12 in (c), and Π21 in (d) and (f).
Tv, the first four diagrams in Fig. 1 only contain scatter-
ing of bosons into or out of the BEC, and they can in
fact be obtained from the Fro¨hlich model if one replaces
g → Tv by hand [27]. Figures 1(e) and (f) contain vertices
where both the in- and outgoing bosons are outside the
BEC, and they are not included in the Fro¨hlich model.
They are, however suppressed by a factor (n0a
3
B)
1/2, and
since we only consider terms to lowest order in n0a
3
B,
these two diagrams will be ignored. Likewise, we do not
distinguish between n0 and n in the following.
In total, the second order self-energy is
Σ2(p) = n0T 2v [Π11(p) + 2Π12(p) + Π22(p)]. (3)
For T = 0 and p = (0, 0), Π11(p), Π12(p), and Π22(p)
may be found analytically [43] to yield
Σ2(0) = A(α)
2pin0
mr
a2
ξ
, (4)
where α ≡ m/mB is the mass ratio and ξ = 1/
√
8pinaB
is the coherence length of the BEC. We have A(1) =
8
√
2/3pi, and A(α) for a general mass ratio is given ana-
lytically in the Supplemental Material [43].
Third order.—We now consider the diagrams for Σ3(p).
They can be divided into three different classes. The first,
denoted Σ3a(p), is obtained by inserting first order self-
energies Tvn0 for the impurity propagators in the second
order diagrams depicted in Figs. 1(a)–(d). This yields
four diagrams which are easily evaluated. As we shall
see, however, these self-energy insertions are canceled by
a similar first order shift Tvn0 in the impurity energy,
which must be inserted in the second order diagrams.
The second class of third order diagrams consists of the
eight “ladder” diagrams depicted in Fig. 2(a). They are
easily expressed in terms of the two-particle propagators
Πij . Using the effective propagator G = G1 = G2, with
G1 = G11+G12 and G2 = G11+G21, they can be reduced
to the two diagrams shown in Fig. 2(b). Their sum is
Σ3b = n0T 3v [(Π11 + Π12)2 + (Π22 + Π12)2], (5)
3(a)
(b)
1 2 2 1
with
1
= +
2
= +
(c)
1 2 2 1 1 2 2 1
FIG. 2. Third order diagrams for the self energy: (a) Σ3b,
(b) Σ3b expressed using the propagator G(p), and (c) Σ3c.
where we have suppressed the momentum and frequency
dependence for notational simplicity.
The third class of diagrams are those where either the
first or the last two interaction lines are crossed. There
are 16 such diagrams, but using the propagator G(p) they
can be reduced to the four terms depicted in Fig. 2(c),
which constitutes a major simplification. Evaluating the
Matsubara sums and specializing to T = 0 yields for the
sum of the crossed diagrams
Σ3c(p) = 2n0T 3v
∫
dkˇ
{
v2k − ukvk
z − Ek − k′ [Π11(k
′) + Π12(k′)]
+
u2k − ukvk
z − Ek − k′ [Π22(k
′) + Π12(k′)]
}
, (6)
with k′ ≡ (p+ k, z − Ek).
Equation (6) is, in fact, ultraviolet divergent, the of-
fending terms being ukvkΠ11(k
′) and u2kΠ12(k
′). As
shown in the Supplemental Material [43], these two terms
give rise to a 1/k behavior of the integrand for Σ3c for
large k, which thus appears to be logarithmically diver-
gent. However, this should not cause us too much worry.
First, the integrand is well behaved at low momenta,
where a natural lower cutoff is provided by k ∼ 1/ξ,
below which the boson dispersion becomes linear. Sec-
ond, the ultraviolet divergence is a consequence of the
fact that we have assumed a constant scattering matrix
TB. Retaining the energy dependence of TB would result
in an ultraviolet cutoff ∼ 1/aB. Likewise, replacing Tv
by the full energy dependent scattering matrix T in the
diagrams for Σ3c gives a cutoff ∼ 1/a. We can therefore
write
Σ3(0) = B(α)
2pin0
mr
a3
ξ2
ln(a∗/ξ) +O(a3/ξ3), (7)
with a∗ ≡ max(a, aB). For the equal mass case we have
B(1) = 2/3−√3/pi, and the analytic expression for gen-
eral α is given in the Supplemental Material [43]. Note
that since Σ3b(p) ∼ O(a3/ξ3), it does not contribute to
the self-energy to the order stated in Eq. (7) for a > aB.
It does, however, contribute to the quasiparticle residue
and effective mass, as we shall see below.
Quasiparticle energy.—Having evaluated the 28 third
order diagrams, we can now present a perturbative ex-
pression for the polaron energy given by the solution of
E(p) = p2/2m+ Σ [p, E(p)]. From Eqs. (4) and (7), we
obtain for p = 0 and T = 0
E(0)
Ω
=
a
ξ
+A(α)
a2
ξ2
+B(α)
a3
ξ3
ln(a∗/ξ) (8)
where Ω = 2pin0ξ/mr is the mean-field polaron energy
for a = ξ. Equation (8) gives the polaron energy to
order ln(a∗/ξ)a3/ξ3 and is one of our main results. We
see that the small parameter of the perturbation series
is a/ξ. The second order term agrees with that obtained
using the Fro¨hlich Hamiltonian [29]. As we can see from
Fig. 2(b) however, the third order logarithmic term comes
from scattering events where both bosons are excited out
of the BEC. These are precisely the processes ignored by
the Fro¨hlich model, which therefore incorrectly predicts a
vanishing third order term. On the other hand, at fourth
order in a the Fro¨hlich model has been shown to also
have a logarithmic contribution [31].
Interestingly, when a = aB, Eq. (8) has the same struc-
ture as the famous result for the energy of a weakly in-
teracting Bose gas: schematically E ∼ a[1 + (na3)3/2 +
na3 ln(na3)] [44]. Since it is difficult to measure the
bulk energy of a Bose gas, the Lee-Huang-Yang (na3)3/2
term [35, 36] was measured only recently [45], whereas
the logarithmic correction [37–39] has never been de-
tected. The energy of an impurity atom has, how-
ever, been measured accurately using radio-frequency
(rf) spectroscopy [7–9], and our result therefore suggests
a way to measure beyond mean-field effects in Bose gases
including logarithmic corrections for the first time.
Quasiparticle residue and effective mass.—The quasi-
particle residue is given by Z−1 = 1 − ∂ωΣ. For zero
momentum, we obtain to third order
1− Z−1 = ∂ωΣ2(0, ω)|Tvn0 + ∂ωΣ3(0, ω)|0
= ∂ωΣ2(0, ω)|0 + ∂ω[Σ3b(0, ω) + Σ3c(0, ω)]|0 . (9)
The second line follows from inserting the first order shift
ω = Tvn0 into the second order self-energy. When ex-
panding in Tvn0, this yields a third order term, which
cancels the third order diagrams Σ3a; see the Supple-
mental Material [43]. Contrary to the case of the energy,
the self-energy term Σ3b contributes to the residue since
∂ωΣ3b and ∂ωΣ3c are of the same order. We can evaluate
∂ωΣ2 and ∂ωΣ3b analytically, whereas ∂ωΣ3c has to be
calculated numerically. We obtain
Z−1 = 1 + C(α)
a2
aBξ
+D(α)
a3
aBξ2
, (10)
where C(α) and D(α) are given in the Supplemental Ma-
terial [43]. For m = mB, we have C(1) = 2
√
2/3pi and
4D(1) ≈ 0.64. Equation (10) explicitly shows that the
polaron is well defined only for a2/aBξ  1.
For an ideal BEC with aB = 0, we have ξ → ∞, and
it follows from Eq. (8) that there are no corrections to
the mean-field energy up to third order in a. However,
in this limit Eq. (10) predicts Z = 0 so that there is no
well-defined quasiparticle, signaling a breakdown of per-
turbation theory. The reason is that the energy of the im-
purity atom is right at the threshold of the particle-hole
continuum of the BEC, giving rise to a square root en-
ergy dependence of the self-energy and thus zero residue
as explained in the Supplemental Material [43]. Equiv-
alently, Landau’s critical velocity c = (4piaBn)
1/2/mB
above which the polaron decays through momentum re-
laxation, is zero for a noninteracting BEC.
The effective mass of the quasiparticle is obtained from
m/m∗ = Z(1 + 2m∂p2Σ). Following steps analogous to
the calculation of Z, we obtain
m∗
m
= 1 + F (α)
a2
aBξ
+G(α)
a3
aBξ2
, (11)
where F (α) and G(α) are given in the Supplemental Ma-
terial [43]. For the equal mass case, we have F (1) =
16
√
2/45pi and G(1) ≈ 0.37. Our result for F (α) matches
that of Ref. [29].
Plots.—In Fig. 3, we plot the zero momentum po-
laron energy, residue, and effective mass, obtained from
Eqs. (8), (10), and (11), in the range −0.3 < a/ξ < 0.3
where we expect perturbation theory to be reliable. As
was discussed above, one should be careful when aB ap-
proaches zero since the quasiparticle residue vanishes in
this limit. We have chosen aB/ξ = 0.1 and depict the re-
sults in the case of equal masses (α = 1), as well as for the
mass ratios α = 39/87 and α = 87/39 corresponding to
the experimentally relevant case of a 39K-87Rb mixture.
Consider first the energy. We have E(0) < 0 [E(0) > 0]
for a < 0 [a > 0], corresponding to the attractive (repul-
sive) branch which are both described within our pertur-
bation theory. The second order term gives a significant
correction to the energy whereas the third order term is
very small. This is explained in the inset, which shows
that the third order expansion coefficient B(α) is much
smaller than the second order coefficient A(α), except for
α  1, so that the third order term is suppressed even
when a/ξ ∼ 1. In fact, B(α) → 0 for a very heavy im-
purity with α → ∞ [43]. We note that the polaron can
form a dimer with a boson for a > 0. This decay process
is, however, slow in the perturbative regime considered
here, since the molecule is deeply bound with a binding
energy −1/2mra2.
Consider next the quasiparticle residue Z. Here, the
third order term gives a significant correction, increas-
ing Z for the attractive polaron and decreasing it for
the repulsive polaron. As we see from the inset, this is
because the third order coefficient D(α) is larger than
the second order coefficient C(α). Finally, we see that
−0.3
0
0.3
E
/Ω
0.5
0.75
1
Z
−0.3 −0.2 −0.1 0 0.1 0.2 0.3
1
1.2
1.4
a/ξ
m
∗ /
m
5 10
0.5
1.5 A(α)
B(α)
5 10
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C(α)
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5 10
0.5
1
F (α)
G(α)
FIG. 3. The polaron energy E, residue Z and effective mass
m∗ as given by Eqs. (8), (10), and (11) for aB/ξ = 0.1. We
show the first order term (dash-dotted lines), second order
(dashed lines) and third order (solid lines) for equal masses
(black lines). For α = 39/87 (red lines) and α = 87/39 (blue
lines) we only show the third order result. In the insets, we
show the relevant second and third order expansion coeffi-
cients as a function of mass ratio.
the third order term gives a large contribution to the
effective mass, decreasing (increasing) it for the attrac-
tive (repulsive) polaron. This is consistent with the inset
depicting the expansion coefficients F (α) and G(α). We
have F (α)→ 0 and G(α)→ 0 for α→∞ [43], indicating
that the effective mass equals the bare mass for a very
heavy impurity as expected.
Varying ξ/aB changes the slope of m
∗ and Z as a func-
tion of a/ξ, but the results are qualitatively the same as
those depicted in Fig. 3. Varying the mass ratio α also
changes the relative weight of the second and third order
terms as explained above. In the Supplemental Material,
we provide the values of A(α), . . . , G(α) for α = 0 and
α → ∞. Intriguingly, C(α), D(α), F (α), and G(α) all
diverge for α → 0, indicating a breakdown of perturba-
tion theory. In this limit, the atoms in the BEC are much
heavier than the impurity, and it would be interesting to
examine how this breakdown is related to the problem of
a mobile impurity interacting with static scatterers.
Conclusion.—We developed a systematic perturbation
theory for the quasiparticle properties of an impurity par-
ticle in a BEC. Analytical results for the energy, residue,
and effective mass were derived, and the energy was
shown to contain a third order logarithmic term, whereas
the residue and the effective mass are given by analytic
5power series in a up to third order. When aB = a, we ob-
tained the same form for the energy as that of a weakly
interacting Bose gas, which opens up the possibility of
detecting corrections to mean-field theory of the Lee-
Huang-Yang and even a fourth order logarithmic type
for the first time, using rf spectroscopy. The effects of
a mass difference between the impurity and the atoms
in the BEC were analyzed throughout. By deriving rig-
orous results for the quasiparticle properties of the Bose
polaron, our theory provides a useful benchmark for ap-
proximate many-body theories and for experiments.
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1Supplemental Materials: Quasiparticle Properties of a Mobile Impurity in a
Bose-Einstein Condensate
RENORMALIZATION OF THE CONTACT INTERACTION
We relate the boson-impurity scattering length to the short-range potential V (p) as follows. The Lippmann-
Schwinger equation yields the vacuum scattering matrix at vanishing energy in the center-of-mass frame
Tv = 1
V (0)−1 −Πv , (S1)
in terms of the Fourier transform of the potential at zero momentum and the vacuum pair propagator Πv ≡
∫
dkˇ 1k2/2mr .
Here we have defined dkˇ ≡ d3k/(2pi)3. At the same time, the vacuum scattering matrix is related to the boson-impurity
scattering length via
Tv = 2pia
mr
. (S2)
Similarly for the boson-boson interaction we have
4piaB
mB
=
1
VB(0)−1 −ΠB , (S3)
with ΠB ≡
∫
dkˇ 1k2/mB .
PERTURBATION THEORY IN THE SCATTERING LENGTH AND THE PAIR PROPAGATOR
As explained in the manuscript, to obtain a perturbation theory in the scattering length a, we first write down
the diagrams in increasing order of the bare interaction V (q). We then formally replace V (q) with Tv everywhere,
which in addition to the obvious substitution V (q) → Tv in the expressions for the diagrams, has one more effect:
In diagrams where the “bare” forward pair propagator appears when expanding in V (q), we use the regularised pair
propagator Π11 instead when expanding in Tv. That is, when making the replacement V (q)→ Tv, we also make the
replacement
− 1
β
∑
ων
∫
dkˇ G11(−k,−iων)G(k + p, iων + z) =
∫
dkˇ
[
u2k(1 + fk)
z − Ek − k+p +
v2kfk
z + Ek − k+p
]
→
Π11(p) =
∫
dkˇ
[
u2k(1 + fk)
z − Ek − k+p +
v2kfk
z + Ek − k+p +
2mr
k2
]
. (S4)
Here G(k, z) = 1/(z − k) is the non-interacting impurity Green’s function, iων = i(2ν + 1)T is a Fermi Matsubara
frequency, p = (p, z), fk = [exp(Ek/T ) − 1]−1 is the boson distribution function. The term 2mr/k2 in Eq. (S4)
subtracts the contribution already contained within the vacuum scattering, and acts to regularize the pair propagator.
It comes from inserting the Lippmann-Schwinger equation (S1) in the ladder approximation for T (p) [S44].
For T = 0 and p = (0, 0), Eq. (S4) can be calculated analytically yielding
Π11(0) =
mB√
2pi2ξ
α
1 + α
[
1− 1− α
1 + α
f(α)
]
. (S5)
This gives Π11(0) = mB/2
√
2pi2ξ for α = 1.
2Anomalous and particle-hole propagators
The anomalous and particle-hole propagators are
Π12(p) = − 1
β
∑
ων
G12(−k,−iων)G(k′, iων + z) =
∫
dkˇ
[
ukvk(1 + fk)
Ek + k′ − z +
ukvkfk
k′ − Ek − z
]
, (S6)
Π22(p) = − 1
β
∑
ων
G22(−k,−iων)G(k′, iων + z) =
∫
dkˇ
[
u2kfk
z + Ek − k′ +
v2k(1 + fk)
z − Ek − k′
]
, (S7)
where k′ = k + p, and Π21(p) = Π12(p). For T = 0 and p = (0, 0) we obtain
Π12(0) =
mB√
2pi2ξ
α
1 + α
f(α),
Π22(0) =
mB√
2pi2ξ
α
1− α [1− f(α)] . (S8)
These expressions are well defined in the equal mass limit α→ 1, where we have Π12(0) = mB/2
√
2pi2ξ and Π22(0) =
−mB/6
√
2pi2ξ.
With Eqs. (S5) and (S8), we have analytical expressions for all pair propagators for p = 0, which is what we need
to obtain analytical results for the polaron self-energy at zero momentum.
LOGARITHMIC DIVERGENCE OF Σ3c AND B(α)
Analysing the divergence of Σ3c, we investigate the integrand in eq. (6) in the main manuscript for k → ∞. We
have uk → 1, vk → TBn0mB/k2, Ek → k2/2mB, and Π11(k,−Ek) → m3/2r
√
k2/2mB + k2/2M/
√
2pi for k → ∞,
where M = m+mB. This gives for p = (0, 0)
lim
k→∞
ukvkΠ11(k,−Ek)
Ek + k
=
TBn0mBm2r
√
α2 + 2α
pi(1 + α)k3
, (S9)
and
lim
k→∞
u2kΠ12(k,−Ek)
Ek + k
=
TBn0Mm2r(pi − 2 arctan
√
α2 + 2α)
2pik3
, (S10)
where we have used
I(α) =
∫ ∞
0
dx
1
x
ln
[
1 + x2 + (1 + x)2/α
1 + x2 + (1− x)2/α
]
= pi2 − 2pi arctan
√
α2 + 2α. (S11)
Using these limits in eq. (6), we see that the integrand goes as 1/k for k →∞. Setting the lower and upper limits of
the remaining k-integral to 1/ξ and 1/a∗ respectively, we obtain eqs. (7) and (S13).
COEFFICIENTS FOR THE ENERGY: A(α) AND B(α)
We find
A(α) =
2
√
2
pi
1
1− α
[
1− 2α
2
1 + α
f(α)
]
, (S12)
with f(α) ≡ √(α+ 1)/(α− 1) arctan√(α− 1)/(α+ 1) with the definition √−1 = i. Note that this expression is
well defined in the limit α→ 1 corresponding to equal masses, where we have A(1) = 8√2/3pi.
For the logarithmic term, we find
B(α) = (1 + α)
[
1− 2
pi
arctan
√
α2 + 2α
]
− 2
√
α2 + 2α
pi(1 + α)
. (S13)
In the case of equal masses, we have B(1) = 2/3−√3/pi.
3COEFFICIENTS FOR THE RESIDUE: C(α) AND D(α)
The contributions to the residue from the second order diagrams ∂ωΣ2(0, ω)|0 and the third order “ladder” diagrams
∂ωΣ3b(0, ω)|0 can be calculated analytically, while the contribution from the “crossed” diagrams has to be evaluated
numerically. We obtain
∂ωΣ2(0, ω)|0 = − 1√
2pi
a2
aBξ
α+ 1
α− 1
[
1− 2
α+ 1
f(α)
]
, (S14)
∂ωΣ3b(0, ω)|0 = 1
pi2
a3
aBξ2
α+ 1
α
{(
α+ 1
α− 1
)2 [
1− 2α
α+ 1
f(α)
]2
−
[
1 +
2α
α+ 1
f(α)
]2}
, (S15)
∂ωΣ3c(0, ω)|0 = 1
2pi2
a3
aBξ2
(
α+ 1
α
)3
Iω(α) (S16)
with
Iω(α) =
∫ ∞
0
dk
{
k2E
(−)
k
[Ek + k2/α]2
∫ ∞
0
dq
∫ 1
−1
dt
[
q2E
(+)
q
Ek + Eq + (k2 + q2 − 2kqt)/α −
2α
1 + α
]
+
k2E
(−)
k
Ek + k2/α
∫ ∞
0
dq
∫ 1
−1
dt
q2E
(+)
q
[Ek + Eq + (k2 + q2 − 2kqt)/α]2
+
k2E
(+)
k
[Ek + k2/α]2
∫ ∞
0
dq
∫ 1
−1
dt
q2E
(−)
q
Ek + Eq + (k2 + q2 − 2kqt)/α
+
k2E
(+)
k
Ek + k2/α
∫ ∞
0
dq
∫ 1
−1
dt
q2E
(−)
q
[Ek + Eq + (k2 + q2 − 2kqt)/α]2
}
(S17)
a dimensionless integral, and
Ep =
√
p2(p2 + 1), E(±)p =
p2 ± Ep
Ep
. (S18)
Thus, the coefficients for the residue given by Z−1 = 1 + C(α)a2/aBξ +D(α)a3/aBξ2 are
C(α) =
1√
2pi
α+ 1
α− 1
[
1− 2
α
f(α)
]
,
D(α) = − 1
pi2
a3
aBξ2
α+ 1
α
{(
α+ 1
α− 1
)2 [
1− 2α
α+ 1
f(α)
]2
−
[
1 +
2α
α+ 1
f(α)
]2}
− 1
2pi2
(
α+ 1
α
)3
Iω(α). (S19)
COEFFICIENTS FOR THE EFFECTIVE MASS: F (α) AND G(α)
As for the residue, we can calculate the contributions to the effective mass from the second order diagrams
∂p2Σ2(p, 0)|0 and the third order “ladder” diagrams ∂p2Σ3b(p, 0)|0 analytically, while the contribution from the
“crossed” diagrams has to be evaluated numerically. We have
2m∂p2Σ2(p, 0)|0 = 1√
2pi
a2
aBξ
1
(α− 1)2
[
1 + α2 − 2
3
5α2 + 1
α+ 1
f(α)
]
, (S20)
2m∂ωΣ3b(0, ω)|0 = 1
3pi2
a3
aBξ2
1
α− 1
×
[{
3α2 − 4α− 1
α
+
2(3α2 − 2α+ 1)
α+ 1
f(α)
}{
1 +
2α
α+ 1
f(α)
}
−
(
α+ 1
α− 1
)2{
3α2 + 4α− 1
α
+
2(3α2 + 2α+ 1)
α+ 1
f(α)
}{
1− 2α
α+ 1
f(α)
}]
, (S21)
2m∂ωΣ3c(0, ω)|0 = 1
6pi2
a3
aBξ2
(
α+ 1
α
)3
Ip2(α) (S22)
4FIG. S1. Third order diagram for the self-energy obtained by a self-energy insertion in the second order ladder diagram.
with
Ip2(α) =
∫ ∞
0
dk
{
4k3
α[Ek + k2/α]2
∫ ∞
0
dq q2
∫ 1
−1
dt
k − qt
[Ek + Eq + (k2 − 2kqt+ q2)/α]2
(
E
(−)
k E
(+)
q + E
(+)
k E
(−)
q
)
− k
2[3Ek − k2/α]
[Ek + k2/α]3
∫ ∞
0
dq
∫ 1
−1
dt
[
q2E
(−)
k E
(+)
q + q2E
(+)
k E
(−)
q
Ek + Eq + (k2 − 2kqt+ q2)/α −
2αE
(−)
k
α+ 1
]
+
k2
Ek + k2/α
∫ ∞
0
dq q2
∫ 1
−1
dt
k2
α +
[
2qt
k − 3
] [
Ek + Eq +
q2
α
]
[Ek + Eq + (k2 − 2kqt+ q2)/α]3
(
E
(−)
k E
(+)
q + E
(+)
k E
(−)
q
)}
. (S23)
Thus, the coefficients for the effective mass given by m
∗
m = 1 + F (α)a
2/aBξ +G(α)a
3/aBξ
2 are
F (α) = −
√
2
3pi
3(α+ 1)− 2(α2 + 2)f(α)
(α+ 1)(α− 1)2 ,
G(α) =
8
3pi2
(1 + α)2(2 + α2)− 3(α+ 1)(3α2 + 1)f(α) + 2α2(α2 + 5)[f(α)]2
(α− 1)(α2 − 1)2
− 1
2pi2
(
α+ 1
α
)3(
Iω(α) +
1
3
Ip2(α)
)
. (S24)
As stated in the main article the coefficients are well defined in the limit α→ 1 and the values are stated in table I.
EXPANSION COEFFICIENTS FOR α = 0, α = 1 AND α =∞
A(α) B(α) C(α) D(α) F (α) G(α)
α→ 0 2
√
2
pi
1 ∞ ∞ ∞ ∞
α = 1 8
√
2
3pi
2
3
−
√
3
pi
2
√
2
3pi
64
9pi2
− 0.080 16
√
2
45pi
448
135pi2
− 0.059
α→∞ √2 0 1√
2pi
2
pi
− 0.068 0 0
TABLE I. Limiting values of the expansion coefficients for the energy, residue and effective mass.
CANCELLATION OF THE THIRD ORDER SELF-ENERGY INSERTION DIAGRAMS
To illustrate the cancellation of the third order diagrams obtained by self-energy insertions in the second order
diagrams, we give here a specific example. Consider the third order diagram depicted in fig. S1, which is obtained
by inserting a self-energy correction in the second order ladder diagram shown in Fig. 1(a). For zero momentum and
temperature, this gives
5n20T 3v
∫
dkˇ
u2k
(ω − Ek − k)2 . (S25)
When solving E = Σ(E) for the impurity energy to third order in Tv, it is enough to set ω = 0 in Eq. (S25), whereas
we have to insert the first order mean-field energy shift ω = n0Tv in the second order diagrams. Inserting this energy
shift in the diagram depicted in Fig. 1(a) and expanding yields
n0T 2v
∫
dkˇ
u2k
n0Tv − Ek − k ' n0T
2
v
∫
dkˇ
u2k
−Ek − k
(
1 +
n0Tv
Ek + k
)
. (S26)
This explicitly demonstrates that the third order term in Eq. (S26) cancels the third order diagram given in Eq.
(S25). Note that we have ignored the regularising term in the pair propagator in Eq. (S26), since it is irrelevant for
the present purpose.
IMPURITY SELF-ENERGY FOR AN IDEAL BEC
For a non-interacting BEC, there is only one impurity Greens function, G11, and we furthermore have uk = 1 and
vk = 0 for the coherence factors. The pair propagator with p = (p, ω) becomes the vacuum pair propagator given
by [S44]
Πvac(p) = −im
3/2
r√
2pi
√
ω − p2/2M, (S27)
and the anomalous and particle-hole propagators both vanish. It follows that the second order self-energy is
Σ2(p) = −in0T 2v
m
3/2
r√
2pi
√
ω − p2/2M. (S28)
The
√
ω dependence means that the residue vanishes for a zero momentum/energy impurity, and there is therefore
no well-defined quasiparticle.
Furthermore, all third order diagrams vanish for p = (0, 0). The ladder diagrams depicted in fig. 2(a) are zero as they
involve the vacuum pair propagator at zero energy/momentum, and/or the anomalous/particle-hole propagators. The
crossed diagrams in fig. 2(c) are also all zero: Either they contain an integral over the particle-hole or the anomalous
propagator which are both zero, or they contain the pair propagator multiplied by a hole propagator, which is zero
for a non-interacting BEC. So all 2nd and 3rd order terms vanish for p = (0, 0) for a non-interacting BEC, meaning
that mean-field theory is exact to third order for the energy of a p = (0, 0) impurity.
